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Non-Euclidian Properties of Plane Cubics. 

By Henry Freeman Stecker. 



Take £l xx — as the equation of the absolute ; £l xy = the equation of the 
polar of the point y with respect to the absolute ; G xx = the equation of the 
cubic. Then £l ia = is the condition that the point b lie on the polar of the 
point a with respect to the absolute. Take (xy) as the non-Euclidian distance 
from the point x to the point y , or between the polars of those points with 
respect to the absolute, xy , the corresponding distance from the point x to the 
polar of the point y with respect to the absolute. 

Then we have : 

cosjxy) _ sinxy _ £l xv 



2ki 2Jd Vfl a Ii, 



vv 



It seems desirable to use, in any discussion of non-Euclidian properties of 
curves, certain terms used by "W. K. Clifford and also by Professor Story in 
regard to certain properties of the conic, since they apply to any curve, viz. 
There are six intersections of the cubic with the absolute, the absolute points. 
Twelve common tangents to cubic and absolute, the absolute tangents. Six tan- 
gents to the cubic at the absolute points, the asymptotes. Fifteen lines joining 
the absolute points in pairs, the focal lines. Sixty-six intersections of pairs of 
absolute tangents, the foci. Twelve points of contact of the absolute tangents 
with the absolute, the asymptotic points. The lines joining the asymptotic points 
are the directrices. The intersections of the asymptotes are the directors. 

Then there are certain other terms which apply to the cubic alone. Related 
to any pair of tangents there is a third tangent ; viz., the tangent to the cubic at 
the third intersection with the cubic of the chord of contact of the two given 
tangents. Such third tangents will be spoken of as third absolute tangents, etc., 
depending upon the character of the original pair of tangents. Associated with 
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three such tangents there is a satellite line, which will be designated as an abso- 
lute satellite line, etc. Then there are certain first and second polars, with respect 
to the cubic, of fixed points and lines. These are designated by prefixing 
the special name of the fixed point or line as absolute tangent first polar, etc. 
Lastly, N. E. D. is used to designate the non-Euclidian distance divided by the 

proper constant, i. e., ^|i . 

Consider the six absolute points. Connect them by three straight lines, no 
point being on more than one of the lines. Then if a, b, c are the directors of 
these focal lines, their equations are : 

Each of these lines cuts the cubic in a third point. These three points, say 

Pi > Pi > P$> li e on a ^ me > O=0. 

Then the equation of the cubic may be written in the three ways : 

O xx = %q iia>a iijja 6I1b» I2 m = , 

G xx 55 /l 8 lL x i, Ll xx — CLl xa iijjc = , 
O xx 5= h 3 Hx,. £l xx — 0£l m H xb = , 

or what is the same thing, 



a* _ n xb a, 



'xo 



o n xa n x 



Al x b ±L XX 

^3 "an *A»6 

Is "arc ""aw 

But the right-hand member of (1) may be written: 



(1) 

(2) 
(3) 






V£l xx £l hh ' VQ. XX D. CC ' v Q m ft 



'*# 



A™ 



^fl„fl„ 



Therefore, (1) may be written : 



cos (xb) cos (xc) 

(7- Vil w Xloo cos (a«) 

2fo* 



(4) 
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similarly for (2) and (3) . 



(5) 



(«) 



cos (xa) cos (xc) 
^\/IgV]g_ 2gJ W 
GWQ. aa £l ee cos (xb) 

2ki 
_ cos (a;a) cos (xb) 

C. VH aa fl M ~~ cos (arc) 

2&* 
Dividing (4) by (5) we have 

cos 2 (xb) sin s xb 
3,1 Qqa _ "2H" 2^ 

V ' &66 cos 3 (ao) ~ gin 2 tea ' 
2&* "IB 

and similar relations from (4) and (6) , (5) and (6) . The left-hand member is 
constant, hence the theorem : 

The ratio of the squares of the cosines (sines) of the N. E. D. from any point of 
a cubic to any pair of directors whose focal lines do not have a common absolute 
point (to any pair of focal lines not through the same absolute point) is constant. 

If the lines are such that some of them pass through the same absolute point, 

Q 

then the above ratio multiplied by -^ is constant. 

Take T and T' a pair of absolute tangents ; H the corresponding third abso- 
lute tangent ; Q the chord of contact and S the absolute satellite line. Then if 
the poles of these lines, with respect to the absolute, are represented by the 
corresponding small letters, we may write : 

o xx = a xt £i xt , a xh - xn* s a xs = o . (7) 

This gives 



'out . ^^xt' ^"xh 



\l xn "a* ii «a **«« 



vn xx a tt s/ci x 



"a» "gg V ±L XX 12 ss 

or sinjeT sina^ sin xh 

Wi' Wi' ~Wi 
sin 8 xq sin xs 
~2M' ~Wi 



const. (8) 
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Hence : 

The ratio of the product of the sines of the N. E. D.from any point of a cubic 
to any pair of absolute tangents and third absolute tangent, to that of the square of 
the sine of the JV. E. D. to the chord of contact into the sine of the N. E. D. to the 
absolute satellite line, is constant. 

For the absolute points we should have equation (7), and also the equation 
of the absolute, which may be written TT' — £ll a — 0, where a is the corres- 
ponding focus, simultaneously true. Hence, for such points, say a point m , we 
may write : 

02 O — 51 O 8 O 



or r^^"f = ^ ms 

which gives 



sin 2 <ma' sin ms 



sin 8 vnq sin rn.h 

2&* Hki 

as a relation connecting an absolute point m with the other quantities involved 
in the preceding theorem. 

Take a lt a 3 , a 3 the poles, with respect to the absolute, of the tangents at 
three collinear points of inflexion ; c that of their chord of contact. 

Then we may write : 

or £l xai Ae% Qggj 

*/Q. xx Xl a ,a, V ' Sl xx Qq,q, V &xx "a a g, __ %> ^^la, p ^sSs a * a * = COnst. 
"me ^Ax 

This gives 



(va OT a c ) 3 




sin xa x sin xa % 
2ki ' 2ki ' 


sin xos 
2Z» 


sin 3 xc 





2ki 
Hence the theorem : 

The ratio of the product of the sines of the N. E. D. from any point of a cubic 
to the tangents at three collinear points of inflexion, to the cube of the sine of the 
N. E. D. to the chord of contact is constant. 
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If Q. xa = and £l xl> = are two lines cutting the cubic in three sets of 
points ; £l xai = , £l mi == and CL ma = be lines joining corresponding pairs of 
these points ; and £l xc = be the line on which the remaining intersections must 
lie, then we may write : 

^xx == •'Am, ^^xa 2 *Aca t "" "'"za ^^xb "Am " • 

Treating this as before, we have 

sin xa y sin xa % sin xa 3 

2M" 2ki' 2foT _ z. t /fl„,«, Qg^q, £i a ^, a\ 

■ — — r-== — r-= ^V o o o ^ ' 

sinra sin xb sin jcc **«a»*»6 iA «c 

Since all the lines are fixed if XI,.,, = and Cl xb = , therefore, the left-hand 
ratio is constant for any two fixed lines fi M = and £l xb = . This relation 
applies best to focal lines — since, then, two of the chords of contact are also 
focal lines — as follows : 

Consider four focal lines through four absolute points — two through each 
point. Say £l xai , D. xii , Xi„. a> , £l x „ t , where a lt a % , a s , a 4 are the corresponding 
directors ; take £l xb and £1^. the chords of contact of the third intersections of 
pairs of focal lines not through a common point. Then from relation (A) we 
write : 

sin "xa-i sin xa % sin xb 

2ki ' 2ki ' 2ki , /g\ 



sin xa$ sin jca 4 sin xc 
2M ' 2ki ' 2£ 
Hence: 

The ratio of the sines {cosines) of the N. E. D. between any point of a cubic and 
any pair of focal lines, not through the same absolute point, and between the chord of 
the third intersections of such a pair (to the directors of such a pair of focal lines 
and to the pole, with respect to the absolute, of the chord of third intersections) to the 
corresponding product for any other Mice pair of focal lines, is constant. 

If we consider the six possible focal lines through four absolute points, there 
would be three concurrent lines, £l xb = 0, £l xe = 0, £l xd = 0, where the first two 
have the same meaning as above and £l xd = is the corresponding sine for the 
other pair of focal lines. We should find six relations like (B), but only two of 
them independent, viz. (B) and (C) where (C) equals 

sin xa 6 sin xa 6 sin xb 

2ki ' 2ki ' 2ki , , n \ 

= const. (U) 



sin xa 3 sin xa± sin xd 
2M' Wi ' Wi 



where a % (i = 1 , . . . . 6) are the directors of the six focal lines. 
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The product of these two independent relations gives a relation between the six 
focal lines through any four absolute points and the three concurrent lines on which 
their third intersections lie, viz. 

sin xai sin xa 2 sin xa 5 sin xa e sin 2 xb 

2ki ' 2hi' 2ld' 2lci ' 2Jci __ cong |- m\ 

sin 2 a% sin 2 ax*! sin jcc sin xd 
2H ' 2la ' 2~E ' 2la 

Since the chords joining asymptotic points are directrices, it follows that 
relations corresponding to (B), (0) and (D) hold for directrices, if we replace focal 
lines of original pair by directrices, directors by foci and absolute points by the 
intersections of the directrix with the cubic ; here, evidently, the chords will not 
be directrices. 

If we consider a pair of asymptotes, we may use equation (8). We have 
the two tangents as asymptotes, and the chord of contact is a focal line. Then 
we have the third asymptotic tangent and asymptotic satellite line. We have 
then, at once the relation : 

The ratio of the product of the sines of the N. E. D. from, any point of a cubic 
to any pair of asymptotic tangents and third asymptotic tangent to the product of the 
square of the sine of the N. E. D. to the corresponding focal line into the sine of the 
N. E. D- to the asymptotic satellite line, is constant. 

Consider the triangle with vertices at any two directors and any point of 
the cubic. Take a and b the lines joining the point of the cubic to the directors ; 
c the line joining the directors; a, /S, y their opposite angles. Then, from the 
first theorem of this paper we have : 

cos 2 a sin 2 a sin 2 a 

syhn 2Jci 2l{J 

'" = Jl ; the relation . a , = Q is also true, which gives 



cos 2 b ' ' sin 2 b sin 2 (3 

2M Wi ~W 

cos 2 a 
1 2Tei 



1 — cos 2 a cos 2 b cos 2 J>_ sec 2 b sin 8 a 

JM_- 2^ 2E_ 2*> "~ — 2fc' 

1 — cos 2 b " 1 t sec 2 b _ 1 sin 2 (3 

~2la cos 2 5 2~E l W 

2hi 
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This gives 



sin 2 8 

w 



sin 2 a sin 2 b 
ffl" 2ft7 



cos 2 b sin 2 p_ 
iki' 2ft 7 



= const. 



Similarly, we obtain the corresponding relation involving a, viz. 

sin 2 a _ sin 2 8 sin 2 a 

const. 



2ft' 



2ft' 



2ft* 



T 



cos' a sin* a 
2%» 2ft' 



These constants are reciprocals, hence we have : 

If a and b are the non-Euclidian distances from any point of a cubic to any pair 
of directors and a , 8 the angles which they make with the line joining the directors, 
then we have the relation : 



sin 5 a 
W 

sin 2 a 
2ft* 



sin 2 8 
2ft' 



sin 2 J^ 
2ft' 

sin 2 b 
2ft* 



sin 2 a 



2ft' 



^-. .1 



_ cos 2 a cos 2 b sin 2 ce^ sin 2 /3_ 
~ 2ftT " 2ft* ' 2ft' * 2ft' * 



We also have the relation 
b 



cos 



cos 



a 
2ftT 



cos 



2ft* 



c 
2ft* 



a 



a 



^^+ c0S W sm W sin 2fti 



a 

2ft* , c 

-=— and cos ^-r 
6 2ft* 

2ft* 
are constant, hence we may write : C0S ^n ^ S7£ = const -> an d similarly, 



cos 



2ft* 



2ft* 



cos -£- sin -$-r tan -^ = const., which may be written, 
2ft' 2ft* 2ft* J 



' sin a sin b cos a 
2ft* 2ft* 2ft' 
cos b 
2ft* 
sin a_ sin ^ cos 8 

2ft* 2ft* 2ft' 

cos a 
2ft* 



= const., 



= const. 



Hence, we may say : 

The product of the sines of the N. E. D. from any point of a cubic to any pair 
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of directors multiplied by the ratio of the cosine of the angle at either director to the 
cosine of the N. E. D. of the adjacent side, is constant. 
We may write : 

sin m ~ cos m tan m cos w = * sin w cos w > 



sm 



2ki 



c , a 8 1.8 a 

cos -7-r tan -y-r cos -£-? = — - sin -^rj cos -rr 
21a 2k% 2k' a, 2k' 2k' 



sm a 
where "k is constant and equal to J 1 ; calling £-? = k and cos c 



cos a 
2M 



2ki 



2ki 



have by subtraction 



tan ^i-r- . cos " 



2ki 



, b a 

-5-r — tan — ^ cos -^ 
2&' 2/m 2ife' 



= ![ 



T - | Sin — =-r COS -£7 

7* L 2&' 2&' 



7t, we 



a 



1 • 

— - sin -£-r cos - - T - 
% 2k' 2k 



t] 



Hence, we have : The ratio 



tan " 
2A» 


cos 2F 


tan w 


cos -£-; 
2&' 


2A/ 


a 

cos w 


1 . 8 

—~ sin -fy-T. 

a, 2&' 


p 

COS -^77 

2&' 



is constant for any -point of a 



cubic and any pair of directors. 

Starting with the first theorem of this paper, and taking a and b to be the 
distances from any point of a cubic to any pair of focal lines not concurrent at 
the same absolute point ; c the distance between their intersections with the pair 
of focal lines, and a , 8 , y the opposite angles. "We may write at once : 

a 



sin* 



a 
W 



sm* 



2ki 



• 2 8 • a b 

smr -£-r sin* 



= const. 



w oi " m 

Hence : 

The ratio of the squares of the sines of the angles which the lines from any point 
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of a cubic to any pair of focal lines, not concurrent at the same absolute point, make 
with the line joining the intersections, is constant. 

In relation (8), join the intersection of xt with its absolute tangent to the 
intersection of xy with the chord of contact and call the angles thus formed at 
the intersections h and a ; connect the last intersection with the intersection or 
xtf with its tangent and call the angles /?, 5 X ; lastly, join the intersection of xh 
with its tangent to the intersection of xs with the satellite and call the angles 
y, 7i. Then we have the relation : 



a 


■ P 
• sm 2k' 


. sin-^T- 
2k' 


.- 8 
sm — j-r- 
2k' 


• 8m 2k' 


71 

• sin w 



const. 



for all points of the cubic. 

Evidently other relations involving angles — and for (B) of page 35 contain- 
ing other constants — could be derived in a similar manner, but they would not 
be simple, and will not be deduced here. 

I wish next to derive two or three properties of a cubic from certain non- 
Euclidian properties of a conic. Such properties of a conic are taken from 
Professor Story's paper before mentioned. Other properties might be derived in 
a similar manner. 

The relation holds for the conic that the product of the sines of the N. E. D. 
from any point of the conic to the focal lines of either pair is constant. 

That constant is really the parameter of a pencil of conies through four of 
the absolute points. 

If we take as the base-points of the pencil of conies four of the absolute 
points and as the fixed conies a pair of focal lines and the absolute, the cubic will 
be generated by this pencil of conies and a pencil of rays. This pencil of conies 
and the cubic will have the same set of focal lines. The cubic will have a point 
on each conic of the pencil, hence the product of the sines of the N. E. D., from 
any point of the cubic to its focal lines of either pair, varies as the parameter of 
the pencil of conies of which the pair of focal lines is one fixed conic and the 
absolute the other. 

If ki and k z are the parameters for two different pairs of focal lines, we may 
write : 
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The product of the sines of N. E. D. from any point of a cubic to the focal lines 

h 
of any pair equals -=^- times the corresponding product for any other pair. 

Next, consider the tangent to a cubic. It will be tangent to one of the 
conies of the pencil through four of the absolute points ; for the pencil contains 
all the conies through the four points, and a conic through four points and tan- 
gent to a given line is possible. 

As the tangent to the cubic varies, the conic will vary, but its focal lines 
and directors, which are also focal lines and directors for the cubic, will not vary. 
Considering, then, two different focal lines and the directors of those lines, we 
may, from a property of the conic, write : 

The ratio of the sines of the N. E. D. from any tangent to a cubic to any pair 

h 
of focal lines equals -^- times the ratio of the sines of the N. E. D. to the directors 

of those focal lines. 

Consider any absolute tangent to a cubic, and the polar conic, with respect 
to the cubic, of the point of contact. This conic will pass through the point of 
contact and have the same absolute tangent ; hence, from a property of a conic, 
we have : 

Any point of contact of the cubic toith an absolute tangent is equidistant from the 
intersections with those tangents of any pair of focal lines of the polar conic oj the 
point of contact. Also, the absolute tangent maizes equal angles with the lines joining 
the point of contact to either pair of foci of the polar conic of the point of contact. 

This brings us to the consideration of first and second polars which I reserve 
for a future paper. 



